This article investigates the effect of temperature on galloping of iced conductors, accounting for the influence of sagging and geometric nonlinearity. By extending Irvine's cable theory to thermo-elasticity problems, an analytical model is proposed to evaluate the effect of thermal stress on galloping of transmission lines. The Lindstedt-Poincare method is then used to solve the model so that the closed-form approximate solution is derived. The derived solution is then verified using numerical examples, which also displays the variation in galloping amplitude with temperature, as well as with respect to static horizontal tension, span length and wind speed. It is concluded that the thermal stress may have effects on galloping amplitude and that the temperature effects should not be neglected. Furthermore, the effect of temperature on galloping amplitude is related to static horizontal tension, span length and wind speed, and a positive temperature change does not necessarily decrease the galloping amplitude.
Introduction
Galloping is one type of critical wind-induced oscillation of slender structures with non-circular cross-sections. Appearing with low frequency (0.1-3 Hz) and large amplitude (approximately 5-300 times the diameter of the conductors), galloping of transmission lines may cause failure of an electricity transmission system, for example, power outages, flashover and even cascading of power transmission towers. Since being discovered in the 1930s, galloping has received special attention and thus rich research has been developed regarding this issue. Those studies have so far focused on the following three aspects. First, researchers have devoted much effort to developing a galloping model. Hartog (1932) and Parkinson (1989) proposed the single-degree-of-freedom transverse galloping model using quasi-steady theory and introduced a stability criterion. Because horizontal motion may initiate vertical galloping, Jones (1992) developed a 2-degreeof-freedom model and confirmed that an initial horizontal displacement or velocity can initiate vertical galloping when coupled with vertical motions. Actually, torsion may also initiate galloping under certain conditions (Blevins and Iwan, 1975; Yu et al., 1992) . Shah et al. (1993a Shah et al. ( , 1993b developed a 3-degreeof-freedom galloping model, which accounts for the eccentricity of cross-sections. However, the influence of some factors on galloping responses has also been investigated extensively, for example, the effects of turbulence on galloping instability (Novak and Tanaka, 1974) , translational galloping of cylinders under different mean wind angles of attack (Luo et al., 1998) , galloping of bodies with various cross-sections (Alonso et al., 2005; Hemon and Santi, 2002 ) and galloping at low Reynolds numbers (Barrero-Gil et al., 2009b; Joly et al., 2012) . Finally, the nonlinearity in galloping has also been concerned, for example, Alonso et al. (2012) , Luo et al. (2003) and Barrero-Gil et al. (2009a) studied hysteresis phenomena in transverse galloping and found that they are related to the inflection points on the aerodynamic force coefficient curve.
Nevertheless, none of the above-mentioned studies took thermal stress into account. Although the thermal stress in a cable was considered by Irvine (1981) as early as 1981, the effect of thermal stress on galloping has not received much attention. Actually, some existing experimental results (Rega and Alaggio, 2009) 1 reveal that the temperature change could affect the nonlinear dynamic phenomena of suspended cables apparently. Treysse`de (2009) also found that thermal stress has significant effects on the natural frequencies and the mode shapes of the free linear vibrations of cables based on. Specially, Lepidi and Gattulli (2012) found that temperature changes determine a slight shift of the crossover points, corresponding to perfect internal resonances between a pair of symmetric and anti-symmetric modes. And the uniform temperature variations can cause non-negligible frequency shifting and amplitude modification in the free vibration of inclined elastic stay cables employed in cable-stayed structures, according to the research by Montassar et al. (2015) . Meanwhile, because temperature varies wildly between day and night or seasons, the temperature of transmission lines may change greatly. Although the influence of temperature on the static behaviours of transmission lines is considered in the design stage, the effect of temperature on the wind-induced dynamic response of transmission lines is not in an in depth and particular consideration (EPRI, 1979) . Therefore, it is necessary to study the effect of temperature on galloping.
This article thus focuses on the effect of thermal stress on galloping due to environmental temperature changes. The remaining parts are organized as follows: the thermo-elastic model for mathematically approximating the phenomenon of transverse galloping is presented in the 'Mathematical model' section. The 'Asymptotic solution: Lindstedt-Poincare method' section briefly describes the asymptotic method used to obtain analytical solutions of the proposed mathematic model. The 'Numerical results and discussion' section gives numerical results, that is, the curves of the variation of galloping amplitude with temperature and the changes in galloping amplitude considering thermal stress with respect to various horizontal tensions, span lengths and wind speeds. Finally, the results are discussed and summarized in the 'Conclusion' section.
Mathematical model

Simplified model
The multi-span transmission lines can be simplified to the model as shown in Figure 1 (Zhang et al., 2000) . The solid line curve represents the initial static equilibrium state and the dashed line presents the thermally stressed state of the transmission lines. Note that it is suggested that the cable clamps, which are simulated by the sliding bearings in Figure 1 , do not move in the longitudinal direction when thermal stress is considered. This is because the temperature variation of all transmission lines is the same and thermal stress does not produce any unbalanced tensile force in the middle span when environmental temperature changes. The following assumptions are also needed to establish the mathematical model of galloping of the transmission line system with consideration of thermal effects. (1) Galloping takes the form of standing waves, and no more than one mode is considered simultaneously in each global direction (Wang and Lilien, 1998) . (2) The sag-to-span ratio is small. (Wang and Lilien, 1998) . (7) The ice accretions are considered to be the same along the span and the effect of ice eccentricity is neglected. (8) Rotation, longitudinal and out-of-plane displacements are neglected. (9) The effect of temperature variations due to environmental temperature variations on material properties is neglected.
The mechanical behaviours of bundle conductors can be represented as an equivalent single conductor (Yamaoka and Hasegawa, 1995) . Additional assumptions include the following: sub-conductors of the bundle conductors are uniformly distributed along the circumferential geometry and the relative motions between the sub-conductors are neglected; the longitudinal motions of sub-conductors of bundle conductors are identical; and the spacers are rigid.
Equation of motion
Assuming that the material is homogeneous, isotropic, linear and elastic; shear and flexural effects are negligible; and the cable is not able to carry axial compressive forces, the vertical motion of the simplified model of galloping can be described by the following partial differential equation 
where x is the span-wise coordinate of the conductors, y is the vertical displacement of the iced conductors under the combined action of gravity and thermal stress, t is time, v is the vertical dynamic displacement produced by galloping, H is the initial static horizontal tension, h is the galloping-induced additional horizontal dynamic tension, h t is the additional tension due to temperature effects, c is the damping coefficient, f y is the vertical wind load intensity and m is the mass per unit length of iced conductors. In equation (1) , the vertical displacementỹ of the iced conductors under the boundary conditionsỹ(0)=0 andỹ(l)=0 is expressed as follows
Similar to equation (2), the vertical displacement y of the iced conductors under only the action of the gravitational force can be expressed as follows
The horizontal dynamic tension h in equation (1) is given by (Irvine, 1981) 
where u is the longitudinal dynamic displacement, l is the span length of the conductors,
ands is the curvilinear abscissa in the thermally stressed dynamic state.
Making use of the boundary conditions u(0) = 0 and u(l) = 0 for dynamics, equation (4) can be rewritten in
In equations (1), (2) and (5), the additional tension h t due to the temperature effects can be obtained using the following equation (Irvine, 1981; Treysse`de, 2009) 
where h Ã t =h t =H, u=aDTL t =(HL e =EA), l 2 =(mgl=H) 2 l= (HL e =EA), a is the thermal expansion coefficient, DT is the temperature variation, E is Young's modulus, A is the cross-sectional area,
3 dx, and s is the curvilinear abscissa in the thermally stressed dynamic state. l 2 is the Irvine sag-extensibility parameter. u is a dimensionless parameter related to temperature change. Employing the Taylor expansion of ds=dx = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 + (dy=dx) 2 q , the approximate value for L t and L e is given by the following
Note that not only is h t produced by the thermal stress but alsoỹ is affected by the temperature variation. In addition, the temperature also has effects on the shapes of the symmetric modes, which can be seen in the discrete model section.
Aerodynamic model
According to the paper published by Luongo et al. (2009) , modelling aerodynamic loads of an iced cable is difficult due to the curvature of its centreline and the random shape of the section. Some assumptions thus need to be introduced: (1) the quasi-steady theory is adopted, (2) the curvature and flexural rotation of the transmission line are neglected and (3) the ice is uniformly distributed along the transmission line. A cubic polynomial is used to approximate the vertical fluid force coefficient so that the aerodynamic forces can be expressed as
where r is the air density; U is the steady wind; D is the diameter of the conductors; _ v=U is the angle of attack; a 1 , a 2 and a 3 are the aerodynamic coefficients of the drag force, which are measured via wind tunnel tests; and the dot denotes differentiation with respect to time t.
Discrete model
The Galerkin method is applied to equation (1) to obtain an asymptotic model. The solution of equation (1) is assumed as follows
where u i (x) is the coordinate function and q i (t) is the unknown modal coordinate function. In this article, the natural modes of vibrations of the cables are coordinate functions. The modes are either symmetric or anti-symmetric around the cable midpoint. The antisymmetric modes do not generate axial strains or dynamic tension in the cable, while the symmetric modes do produce additional horizontal tension. The ith symmetric mode, considering the thermal effects in this case, is given as follows (Irvine, 1981; Treysse`de, 2009) 
where v i is the ith symmetric non-dimensional natural circular frequency, obtained by solving the following transcendental equation (Irvine, 1981; Treysse`de, 2009) 
where l 02 = (mgl=H) 2 l=(HL e =EA)=(1 + h Ã t ) 3 , and l 02 is the Irvine sag-extensibility parameter, considering thermal effects. Equation (12) can be solved numerically and may have n solutions corresponding to n symmetric non-dimensional modes. Note that temperature changes can affect not only the axial tension and the sags of the wires but also the shapes of the symmetric modes. That is, the effect of temperature on galloping manifests itself by modifying the axial tension, the sag and mode shapes.
Unlike the symmetric modes, the anti-symmetric modal shapes are not affected by thermal stress (Treysse`de, 2009 ). The ith anti-symmetric mode is given by (Irvine, 1981) 
Substituting equations (9) and (10) into equation (1) and employing the Galerkin method, the nonlinear ordinary differential equation with respect to the modal coordinate function q i (t) is obtained as follows
where M i is the ith modal mass; C i is the structural damping coefficient of the ith model; K i1 , K i2 and K i3 are the linear, square nonlinear and cubic nonlinear stiffness coefficients, respectively; and b i1 , b i2 , b i3 are the linear damping coefficient, quadratic damping coefficient and quadratic damping coefficient of the ith model, respectively, produced by wind loading. The expressions of the different coefficients of equation (14) used here are provided in Appendix 1. Equation (14) can be rewritten as
where
Asymptotic solution: Lindstedt-Poincare method
Because galloping is a periodic motion under steady state, the Lindstedt-Poincare method can be used. In this article, the Lindstedt-Poincare method thus is used to solve equation (15) as a perturbation technique.
To facilitate the solution of equation (15), it is ordered by using the small parameter e according to the smallness and the significance of the nonlinear terms
The basic idea of the Lindstedt-Poincare method is to introduce an unknown variable
where v is the frequency of the system. Substituting equation (14) into equation (16) leads to
The Lindstedt-Poincare method for equation (18) proceeds as q = q 0 + eq 1 + e 2 q 2 + Á Á Á ð19Þ
Substituting equations (19) and (20) 
With the initial condition q 0 (0) = 0, the solution of equation (21) is
The first-order terms of equation (18) 
To ensure that no secular terms will be included in the next iteration so that resonance can be avoided, the coefficients of cos (t) and sin (t) in equation (24) need to be zero. This requires
With the initial condition q 1 (0) = 0, the solution of equation (23) 
The second-order terms of equation (18) 
Taking a similar manipulation as conducted for the first-order terms, one obtains
Jointly using the zero-and first-order terms' approximation solutions, the approximate solution of equation (16) is obtained as
By omitting the smaller items and taking e = 1, the approximate solution of equation (15) can be obtained as
If the terms of equivalent quadratic damping B 2 , equivalent square nonlinear stiffness B 4 and equivalent cubic nonlinear stiffness B 5 are neglected, the asymptotic solution expressed in equation (30) 
Numerical results and discussion
In the following numerical analysis, one considers conductors with respect to a temperature change ranging from 230°C to + 30°C. The dimensional parameters and material properties of the suspended conductors are selected as follows (Zhang et al., 2000) : the span length of the conductors is l = 125.9 m; the initial static horizontal tension is H = 40,000 N; the mass of unit-length iced conductors is m = 2.379 kg m 
Amplitude of galloping considering thermal stress
The examples in this article only consider one through three loops per span because they are most frequent for galloping (EPRI, 1979) , and the galloping amplitudes for the three loops per span are already pretty small. To verify the method proposed, first, the sag-tospan ratios and the first-order frequencies of the cable are obtained by calculation, and a comparison of the proposed solution with finite element solutions is performed. Figure 2 indicates that all the sag-to-span ratios are less than 1/8. At the same time, one can also found from Figure 3 that all the first frequencies of the cable are in the valid range for the quasi-steady theory. In total, the finite element solutions have been obtained by using a planar beam element model in ANSYS. The beam has been discretized into 126 elements. The same boundary conditions as for the mentioned model have been used, as well as a negligible bending stiffness. The mode-superposition method has been employed to solve the finite element model. For the first symmetric modal truncation, the galloping amplitude obtained using the proposed model agrees well with the result obtained using the finite element model, which can be observed in Figure 4 . Therefore, it can be inferred that the method proposed can be used to evaluate the effect of thermal stress on galloping. In the subsequent analysis, the algorithm proposed is used.
Otherwise, Figure 5 also indicates that the thermal stress has effects on galloping amplitude for the first symmetric modal truncation and that the temperature effects should not be neglected. The galloping amplitude gets larger as temperature increases for given conditions. For the first anti-symmetric modal truncation and second symmetric modal truncation, the thermal stress has the same effects on galloping amplitude as those of the first symmetric truncation in Figure 5 , which can be seen in Figure 3 Effects of static horizontal tension on thermal stress Figure 8 (a) to (c) gives the galloping amplitude A y , as the static horizontal tension increases at different temperatures, for the first symmetric modal truncation, first anti-symmetric modal truncation and second symmetric modal truncation. In this figure, the steady wind speed is U = 4 m s 21 and the span length is l = 125.9 m. The horizontal tension H varies from 15,000 to 80,000 N. The same as the previous section, the sag-to-span ratios and first-order frequencies of the cables are provided by Figures 6 and 7 . Meanwhile, they are all in the valid ranges for Irvine's cable theory and quasi-steady theory. It can be seen from Figure  8 (a) that the galloping amplitude for the first modal truncation decreases as temperature increases when the static horizontal tension H is below 30,000 N. Such decrease can lead to crossover (see Figure 8(a) ). Moreover, the galloping amplitude for the first modal truncation increases as temperature increases when the static horizontal tension H is above 40,000 N. The fact that the galloping amplitude can decrease as temperature increases is explained as follows. A temperature change modifies the axial tension, the cable sag and mode shapes. When temperature increases, the axial tension always decreases, while the sag-to-span always increases. Moreover, the mode shapes also change. From equation (1), we can know that a decrease in tension tends to increase the amplitude, while an increase of sag tends to decrease the amplitude; thus, tension and sag actions have an inverse effect. However, the effect of mode shapes on galloping amplitude is complex. This phenomenon is the result that the three factors act together, which is similar to the effect of temperature on the frequency of free linear vibrations (Lepidi and Gattulli, 2012; Treysse`de, 2009). From Figure 8(b) and (c), one can also find that the galloping amplitude always increases as temperature increases for other modal truncations. Although the thermal behaviour of the first symmetric modal truncation is significantly different from that of anti-symmetric modal truncations, the differences become weaker as the mode order increases and the behaviour tends to become identical to that of anti-symmetric modal truncations.
In addition, the galloping amplitude first increases and then decreases as static horizontal tension increases for the first modal truncation (see Figure  8(a) ), while the amplitude always decreases as static horizontal tension increases for other modal truncations (see Figure 8 (b) and (c)).
Finally, Figure 8 (a) to (c) indicates that the temperature only has a serious effect on galloping amplitude within a certain range. Within another ranges, the effect of temperature on galloping amplitude can be neglected.
Effects of span length on thermal stress Figure 11 (a) to (c) presents the changes in galloping amplitude A y , as the span length increases at different temperatures, for the first symmetric modal truncation, first anti-symmetric modal truncation and second symmetric modal truncation. In this figure, the steady wind speed is U = 4 m s 21 and the horizontal tension is H = 40,000 N. The sag-to-span ratios of the conductors and first-order frequencies of the cables are also provided in Figures 9 and 10 . And they are all in the valid ranges for the method used in the article. The span length l varies from 80 to 230 m. Figure 11 (a) to (c) indicates that the galloping amplitude increases as the span length increases for all of the modal truncations. For the first modal truncation, the galloping amplitude decreases as temperature increases when the span length l is below 180 m, whereas the galloping amplitude for the first modal truncation increases as temperature increases when the span length l is above 180 m. There is an intersection near l = 180 m. These results are remarkably different from those of the first anti-symmetric modal truncation and second symmetric modal truncation. For the first anti-symmetric modal truncation and second symmetric modal truncation, the galloping amplitude always increases as temperature increases. The reason for this phenomenon is similar to that of the phenomenon in the previous section.
Effects of wind speed on thermal stress different temperatures, for the first symmetric modal truncation, first anti-symmetric modal truncation and second symmetric modal truncation. In Figure 12 , the static horizontal tension is H = 40,000 N and the span length is l = 125.9 m. The steady wind speed U varies from 0 to 5 m s
21
. The sag-to-span ratios and first-order frequencies of the cables have been provided in Figures 9 and 10. Figure 12 (a) to (c) indicates that galloping amplitude becomes larger as temperature increases for all of the modal truncations and that the critical wind velocity of galloping increases with temperature. One can also find that the galloping amplitude for all of the modal truncations always increases as wind speed increases. Moreover, the effect of thermal stress on galloping amplitude also increases as the wind speed increases, and the critical wind velocity of galloping increases with the order of modal truncation increasing. When galloping occurs, the galloping amplitude for the first modal truncation is the largest at the same wind speed.
Conclusion
In this article, the effect of temperature on galloping in consideration of geometric nonlinearity and sagging is examined. A new equation of a single-degree-of-freedom galloping model for a transmission line has been proposed and then solved by using the L-P perturbation method. Regarding the effect of thermal stress on galloping amplitude with respect to static horizontal tension, wind speed and span length, the main findings are summarized as follows:
1. The thermal stress does have effects on galloping amplitude, which can be predicted by the model and its closed-form approximate solution derived in this article. 2. The effect of temperature on galloping is related to static horizontal tension, wind speed and span length. Within certain ranges of those parameters, temperature may have serious effects on galloping amplitudes. 3. The effect of temperature on galloping for symmetric modal truncation is not always synchronized with that of anti-symmetric modal truncation. For symmetric modal truncations, a positive temperature change does not necessarily decrease the galloping amplitude. However, a positive temperature change always decreases the galloping amplitude for anti-symmetric modal truncations.
In future studies, the model should be extended to 2-degree-freedom and 3-degree-freedom systems, which can account for the torsional effect and harmonic resonance problem.
